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Dispersion of quasi-particles in high Tc cuprates
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Abstract : The interplay between superconductivity (SC) and antiferromagnetism (AFM) is studied in strongly
correlated systems of high Tc Cuprate superconductors. It is assumed that superconductivity arises due to BCS
pairing mechanism in presence of AFM in Cu lattices of Cu–O planes. The total Hamiltonian of the system is mean
field one and has been solved exactly by writing the equations of motion for the single particle Green’s functions.
Equations for the appropriate single particle co-relation functions are derived and the order parameters
corresponding to SC and AFM are determined. It is assumed that the Fermi energy ∈F = 0 and the renormalized
localized f energy level coincide with the Fermi level. All the quantities in the final equation for h and ∆ are made
dimensionless by dividing by 2t, where t is the hopping integral. The temperature dependent values of staggered
magnetic field (h) and SC gap (∆) were determined by solving self-consistent equations for h and ∆. The quasi-
particle energy bands are function of AFM gap (h), SC gap (∆) and hybridization (V ). Then the dispersion of
quasi-particles are studied at different temperatures by considering temperature dependent values of h and ∆
and varying other different model parameters.
Keywords : Magnetic superconductor, antiferromagnetic order, Cu–O planes, BCS model.
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1. Introduction
Strongly correlated electrons are the interesting subject in the condensed matter theory.
Two classes of materials have been in the center of studies : heavy fermion systems
and high Tc superconductors. It is observed that in La2–xSrxCuO4 SC occurs for a fairly
wide range of doping, 0.05 ≤ x ≤ 0.25 while in electron doped successor like Nd2–
xCexCuO4 superconductivity is known to occur only in the narrow concentration range
x = 0.15 [1,2]. Besides, SC has not been observed for Gd2–xCexCuO4 although T ′
structure forms for 0 < x < 0.15. It remains puzzling that many cuprates with familiar
CuO2 are not superconducting [3,4] although it is established that the CuO2 planes
play an important role in the superconductivity of cuprates. The study of such cuprates
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is of particular interest because it is likely to offer important clues to the behavior of
their superconducting counter parts. This motivates us to carry out a systematical
theoretical study. Out of the several high Tc superconductors (La2–xSrxCuO4) compounds
have received a considerable amount of attention soon after their discovery because
they became hole carrier super-conductors. The parent compounds can be doped which
eventually leads to metallic behavior and superconductivity. Doping is achieved by
heterovalent substitution as in La2–xSrxCuO4. Doping introduces additional charge
carriers in to the CuO2 planes. In La2CuO4, the formal valency of lanthanum is La+3.
When lanthanum is doped with di-valent Sr+2, in plane oxygen atom changes from O–
2p6 to an O–2p5 state leaving additional holes in the planes. The sign of the measured
Hall co-efficient supports the picture of hole carriers. It is also observed from the doping
dependence that TN decreases rapidly with x (doping percentage). In other words TN
decreases rapidly as metallic phase is approached.
After the discovery of high Tc superconductivity by Bednorz and Muller [5], there
has been great interest in understanding the true mechanism of superconductivity in
these systems. The scanning tunneling spectroscopic data for Bi/2212 [6] give the
temperature dependence of the SC gap ∆(T ) at zero temperature with 2∆(0)/kBTc =
7 to 9. The temperature dependence of the gap of Bi2Sr2CuO4/Bi2Sr2CaCu2O8 compound
[7] is similar to that of weak coupling in BCS theory, although the ratio 2∆(0)/kBTc
= 5.8 significantly exceeds the conventional value 3.5. The point contact spectroscopy
for Bi/22(n – 1)n [8] suggests that phonon plays a dominant role in the superconducting
pairing in the compound with a strong coupling with the value of 2∆(0)/kBTc = 6 to
8. The phonon structure in I-V characteristics was also observed in the compounds :
LSCO and EuBa2Cu2O7 at large values of 2∆(0)/kBTc = 10 [9], in NCCO at
2∆(0)/kBTc = 3.8 [10]. The paper is organised as follows : In Section 2, we describe
theoretical model earlier proposed by Fulde [11]. In Section 3, we define Green
function, we calculate the expression of superconducting gap and staggered magnetic
field in Section 4. In Section 5, we calculate quasi-particle energy bands. Finally we,
discuss these results in Section 6.
2. Model
In absence of holes in LSCO and electrons in NCCO, the anti-ferromagnetic exchange
usually leads to the Neel ground state which is characterized by a long range anti-
ferromagnetic (AFM) order in the spin alignment on Cu lattice sites.The Hamiltonian
involving hopping of copper d-electrons between two adjacent sites is written as
( )d k kk k a b h c†0 , ,, ( ) , . .σ σσ= ∈ +∑H .
The antiferromagnetism due to copper lattice can be represented by Heisenberg
exchange interaction. However, we introduce a staggered magnetic field of strength h
which stimulates strong AFM correlation of copper d-electrons. This can be written as
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( ) ( )s k k k kkh a a b b† †, , , ,,2 , ,σ σ σ σσ σ= / −∑H .
The Hamiltonian
( )k k k kkV a f b f h c† †, 1, , , 2, ,, . .υ σ σ σ σσ= + +∑H
is the effective hybridization between the f-electrons and the conduction electrons of
copper electrons.
Total electronic Fulde Hamiltonian is written as
o d s υ= + +H H H H (1)
HI describes the attractive interaction of the charge carriers in the Cu–O planes leading
to cooper pair formation. Here BCS type of phonon mediated cooper pairing of
conduction electrons of two different copper sites is taken into account.
( ) ( )I k k k k k k k kk a a a a b b b b† † † †∆ ↑ − ↓ − ↓ ↑ ↑ − ↓ − ↓ ↑ = − + + +  ∑H (2)
where ( )k k k k k kk V a a b b† † † †∆ ↑ − ↓ ↑ − ↓= − +∑  and k D kV V V0 1 2, if , 0,∈ ∈ ω=− − < =
otherwise. Here ∆k is the super-conducting gap parameter and kV  is the interaction
potential between the pairing electrons. The total Hamiltonian is
I0 .= +H H H (3)
3. Expression for A2(k,ω) and B2(k,ω)
We calculate one electron Green function using the Hamiltonian H given in eq. (3) for
the superconducting state of the cuprate system. The double time electron Green
function of Zubarev type [12] is calculated by equations of motion method. The Green
functions A2(k,ω), B2(k,ω) involved in the calculation are defined as A2(k,ω) =
k k k ka a B k b b† † † †2; ( , ) ;
ω ω
ω− ↓ ↑ − ↓ ↑= . The coupled equations are solved to find out
the Green functions A2(k,ω), B2(k,ω) as
( )( ) ( )( )h V h V
A
D D
2 2
2
1 2
2 2(1 4 ) ( ) ( )
ω ω ω ∆ ω ω ω ∆
π
ω ω
 + / − − + / + − = / − 
   
(4)
( )( ) ( )( )h V h V
B
D D
2 2
2
1 2
2 2(1 4 ) ( ) ( )
ω ω ω ∆ ω ω ω ∆
π
ω ω
 − / + − − / − − = / − 
   
(5)
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where
D E k V4 2 2 41,2 1,2( ) ( )ω ω ω = − +  
E k k h V2 2 2 21,2 0( ) ( ) ( 2 ) 2∈ ∆= + / +∓ (6)
4. Self consistence expression for SC and AFM
The final expression for superconducting energy gap is
[ ]D
D
T V N d k F k T F k T0 0 1 2( ) (0) ( ) ( , ) ( , )
ω
ω
∆
−
= ∈ +∫ . (7)
The staggered magnetic field h is given by
B k k k kkh g a a b b
† †
, , , ,
,
1
2 σ σ σ σσ
µ  = − −  ∑ (8)
where g and µB are Lande g-factor and Bohr magneton respectively. The final
expression for the staggered magnetic field is
[ ]
W
B W
h g N d k F k T F k T
2
0 1 22
1 (0) ( ) ( , ) ( , )
2
µ ∈
− /
+ /
= − −∫ (9)
where F1(k,T ) and F2(k,T ) are defined as
k
hF k k
E V
1 1 1 2 24 4
1
( 2) 1 1( ) tanh ( ) tanh
2 22 4
∆
ω βω ω βω
    − /    = −        −  
k
hF k k
E V
2 3 3 4 44 4
2
( 2) 1 1( ) tanh ( ) tanh
2 22 4
∆
ω βω ω βω
    + /    = −        −  
. (10)
Different quantities involved are made dimensionless by dividing them by 2t, where
Wb = 8t is the width of the conduction band. They are T t z( ) 2 ,∆ / =  D Dt2 ,ω ω/ = 
Bk T t2 θ/ = , h/2t = h, V/2t = V and ∈ 0(k)/2t = x0. The dimension coupling constants
are written as λ1 = N(0)V0 and λ2 = N(0)gµB/2. We consider here the half filling band
situation with the Fermi level lying at the middle of the antiferromagnetic band gap i.e.
the Fermi level is taken as zero (∈F = 0). Hence we solve equations for ∆ = ∆(∆,h)
and h = h(∆,h) self-consistently and numerically.
5. Quasi-particle energy bands
The poles of the Green function A2(k,ω) and B2(k,ω) give eight quasi-particle energy
bands ±ω i  (i = 1 – 4) which are
k k kV VW
1 2
2 2 4 2 2
1 1 1
1,2
2 4
2
∈ ∈ ∈
/ + ± + ± =  
 
 
(11)
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k k kV VW
1 2
2 2 4 2 2
2 2 2
3,4
2 4
2
∈ ∈ ∈
/ + ± + ± =  
 
 
(12)
where
( )k h 22 21,2 0( ) 2∈ ∈ ∆= + / ∓ .
6. Results and discussion
Figure 1 shows the self consistent plot of SC gap (z) and AFM gap (h). A standard
sets of parameters are chosen as follows : superconducting coupling constant λ1 =
0.1225, antiferromagnetic coupling constant λ2 = 0.213, hybridization strength V = 0.002
and conduction band width Wb = 1 eV. In the Figure the critical temperature parameter
θC is the order of 0.0215 equivalent to a temperature 53 K and the Neel temperature
parameter θN is 0.008 equivalent to a temperature 20 K. The SC gap has almost
Figure 1. Self consistent plot of SC gap (z) and AFM gap (h) vs. temperature parameter (θ) for fixed values
V = 0.002, λ1 = 0.1225 and λ2 = 0.213.
constant value up to the Neel temperature but shows the BCS type of mean field
behavior w.r.t temperature. The AFM continuously reduces for all temperature up to the
Neel temperature parameter. For temperature ≤ θN (co-existence phase of SC and
AFM) ∆ is suppressed due to AFM effect. In the Figure, the value 2∆(0)/KBTc =
2z(0)/KBθc = 1.6 which is smaller than universal BCS value 3.52. It indicates that ∆(0)
is suppressed and Tc is enhanced in the presence of AFM. The AFM order parameter
also shows mean field behaveour with Neel temperature θN = 0.008 and magnitude of
staggered magnetic field h(0)= 0.021. This gives h/KBθN = 2.5. The high value of ratio
shows the magnitude of staggered field is enhanced while the Neel temperature is
considerably reduced in the co-existence stage.
Figure 2 shows the plot of quasi-particle energy (W1,W2,W3,W4) vs. x0 =
∈0(k)/2t for temperature parameter (θ) = 0 where AFM and SC state co-exist. In the
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figure the quasi-particle energy W 2 ( 0.025 meV)  and W 4 ( 0.0062 meV)  are
dispersion less flat band (clearly shown in the inside Figure) and carry the localized f-el
ectron character. These bands converge at higher values of ∈0(k) because W2 is more
dispersed than W4. These bands which are strongly dependent on hybridization merge
and disappear at V = 0. The bands corresponding to quasi-particle energy
W1 ( 1.5 meV)  and W 3 ( 6.5 meV)  are strongly dependent on energy ∈0(k). The
gap separation of the quasi-particles of energy W 1 and W3 decreases when energy
∈0(k) increases. As W1 is more dispersed than W 3, the bands converge at higher
values of ∈0(k). At ∈0(k) = 0 and V = 0, these quasi-particle bands have energy
(z + h/2) and (z – h/2) which gives a separation between W1 and W 3. The
separation between the dispersion less flat band and dispersed band increases as
∈0(k) increases.
Figure 3 shows the variation of the quasi-particles energy band of energy W1
Figure 2. Plot of quasi-particle energy (W ) vs. x0 = ∈0(k)/2t at temperature parameter (θ) = 0. The +ve part of
quasi-particle energy (W ) is taken from Figure 1 for ∆ = 0.0154, h = 0.0205 and V = 0.002.
Figure 3. Plot of quasi-particle energy W1 (dotted line), W3 (solid line) vs. x0 = ∈0(k)/2t at different temperature
parameters (θ).
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Figure 4. Plot of quasi-particle energy W2 (solid line), W4 (dotted line) vs. x0 = ∈0(k)/2t at different temperature
parameters (θ ).
and W3 vs. x0 for four temperature parameters. The temperature parameter θ = 0
corresponds to co-existence phase of SC and AFM, θ = 0.005 corresponds to equal
values of SC gap (∆) and AFM gap (h), θ = 0.0075 corresponds to co-existence state
of AFM and SC and the temperature θ = 0.012 corresponds to the SC state only. On
increasing temperature parameter from θ = 0 to θ = 0.012, the quasi-particle energy
W1 (dotted lines) increases from 1.5 meV to 3.3 meV and W 3 (solid lines) decreases
from 6.5 meV to 3.3 meV. Finally they merge at θ = 0.012 i.e. at the SC phase.
However both the bands merge at higher values of ∈0(k) irrespective of their temperature.
Figure 4 shows the variation of quasi-particle band of energy W2 and W 4 vs. x0 same
four temperature parameters as discussed in Figure 4. On increasing the temperature,
the energy W 2 decreases from 0.025 meV to 0.01 meV where the energy W 4
increases from 0.00625 meV to 0.01 meV and the merge at a temperature θ = 0.012
i.e. 25 K. The energy W 2 sharply falls but the energy W 4 slowly rises. Both W 2 and
W4 merge at higher values of ∈0(k).
7. Conclusion
We report the dispersion of the quasi-particles in high Tc cuprates. The Hamiltonian of
our system is mean field one. The first term of Hamiltonian in eq. (1) describes the
motion of the quasi-particles in Cu–O plane and hopping takes place between
neighbouring sites of copper with dispersion ∈0(k) = 2t (cos kx + cos ky). Then
Zubarev’s double time Green’s function technique and the equation of motion method
are used to evaluate the SC gap and AFM gap. The self consistent numerical
calculation shows a strong interplay between superconductivity and magnetism. At
temperature parameter θ = 0, we study the dispersion of quasi-particles. Out of four
quasi-particles, two bands (W1 and W 3) are dispersed bands and other two bands
(W2 and W4) are dispersionless flat bands which is believed to carry localized
f-electron character. Finaly, we theoretically study the nature of the quasi-particles in
co-existence state of high Tc cuprates.
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